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Scattering of neutralinos from niobium 
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We calculate cross sections for the scattering of neutralino dark-matter candidates from 93Nb at all potentially relevant values 
of the momentum transfer q. The results will aid the interpretation of data from niobium dark-matter detectors. 

Cold dark mat ter  may exist in the form of  heavy 
supersymmetr ic  fermions called neutral inos l1 ]. 
Traveling at v~  10-3c relative to the earth and 
weighing ~ 10-1000 GeV, these particles will trans- 
fer only keV's of  energy when they hit a nucleus in a 
terrestrial  detector.  The deve lopment  of  technology 
sensitive to such low recoil energies is proceeding 
rapidly at several locations [2] .  Some detectors will 
be supercooled so that they can measure the small rise 
in tempera ture  or other  macroscopic changes pro- 
duced by a recoiling nucleus. Silicon and germanium 
are each the basis of  detector  programs that are well 
underway. Another  e lement  - n iobium - is also being 
studied [ 3 ]. 

In order  to evaluate the results of  these future ex- 
periments,  we need to unders tand the interact ion of  
hypothesized part icles with detector  nuclei. Neutral-  
ino cross sections depend on the dis t r ibut ion of  spin 
in the detector  nucleus, an observable that is difficult  
to model  accurately because to lowest order  nucleons 
move as pairs with no net spin. Silicon is light enough 
so that  shell-model calculat ions or a s t raightforward 
argument  from existing data  [4] can reliably predict  
deviat ions from this simple picture. German ium,  on 
the other  hand, is so compl ica ted  in structure that a 
good calculation appears  very difficult. N iob ium is 
an in termediate  case: heavy but with few enough va- 
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lence protons and neutrons to make a relatively sim- 
ple shell-model t reatment  sensible. Here we calculate 
cross sections for neutral inos on 93Nb. 

A few basic facts about  the elastic scattering of  neu- 
tral inos are important :  The most general neutral ino 
in the minimal  supersymmetr ic  extension of  the 
s tandard model  [ 5 ] is a l inear combina t ion  of  Bino 
Wino and two higgsinos, writ ten as 

z =  ZI B--~ Z 2 W  3--~ Z3~-II -~ Z41-12 , (1) 

where the coefficients Zi depend  on a few free param-  
eters, and in turn determine  the constants ap and a .  
that specify the strength of  the " sp in -dependen t"  
neutral ino couplings to protons and neutrons. The 
cross section also contains a "spin- independent"  piece 
that to good approximat ion  does not interfere with 
the spin-dependent  cross section. The relative size of  
the two pieces is a function of  model  parameters  that 
are not a priori  determined;  sp in- independent  scat- 
tering is apparent ly  significant only in heavy nuclei 
[6] .  Finally, as was first pointed out in ref. [7] ,  if 
the neutral inos are heavier  than 30 or 40 GeV, the 
th ree -momentum transfer q can be large enough so 
that both kinds of  scattering will be suppressed by 
form factors that depend on the dis t r ibut ion of  nu- 
cleons inside the nucleus. Recent data  from LEP con- 
strain light neutralinos and make this possibility likely 
[6,8].  The f ramework for calculating the form fac- 
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tots was presented in ref. [ 9 ] and will be appl ied here 
to  93Nb. 

Spin- independent  scattering is a coherent process 
and therefore easy to model;  its form factor, the 
Fourier  t ransform of  the ground state nuclear densi ty 
(under  the assumption of  propor t ional  proton and 
neutron densi t ies) ,  is well approximated  [9] by the 
function 

F a ( q ) =  3j,(qRo) e x p [ _ ½ ( q s ) 2 ]  , (2)  
qRo 

with s = l  fm, and R o = R 2 - 5 s  2 (R=I.2A L/3 fro).  
The square of  this form factor for 93Nb is plot ted up 
to qmax=2MNbU in fig. 1, alongside that  of  a s impler  
(but  more convenient )  gaussian approximat ion  [ 7 ], 
Fb(q)  = e x p [ - -  ~ ( q R ) 2 ] .  

Spin-dependent  scattering is much subtler because 
it takes place largely near  the nuclear Fermi surface, 
where it is affected by the details in the behavior  of  
relatively few nucleons. In the simplest  picture, the 
single-particle model,  only the last nucleon contrib- 
utes to the cross section. Ref. [4] points  out that  this 
picture is often inadequate  and describes an "odd-  
group" model  in which the single-particle assump- 
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Fig. I. The squares of the form factors Fa (q)- -  [3j~ (qR0)/qRo] 
Xcxp[-½(qs) 2] (solid line) and Fb(q)= e x p [ - ~ ( q R i  2] 
(dashed line) as a function ofq 2 for 93Nb, with R, Ro, and s as 
defined in the text. 

tion is relaxed and the proton and neutron spins, 
which determine neutralino cross sections at q=  0, are 
related to measured magnetic moments .  Unfortu-  
nately, the technique cannot be s imply extended to 
non-zero q, and a more detai led descr ipt ion of  the 
nuclear wave function must be employed.  Ref. [9] 
uses a BCS-based model  of  the Fermi  surface to com- 
pute the spin-dependent cross sections for 13ZXe. Even 
that  method cannot be appl ied in 93Nb because the 
valence shells contain only a few nucleons and pair- 
ing correlat ions are therefore much weaker. For  pre- 
cisely this reason, however, the dynamics  of  the va- 
lence nucleons can be naturally described by a 
straightforward shell-model diagonal izat ion [ 10]. 
Large single-particle gaps occur at Z, N =  38 and (es- 
pecial ly)  50 and to a reasonable approximat ion  only 
three valence protons and two valence neutrons in 
93Nb need be considered ~ 

With this in mind we construct a basic shell-model 
space (to be referred to as " the  small space" as it con- 

9 + states) corresponding to three rains only twenty 
protons in the 1 p,/2 or 0g9/2 levels and two neutrons 
in the lds/2 level. We determine  the single-particle 
energies of  these levels from nearby nuclei (89Sr, 87Sr, 

and 89y) with only one particle or hole outside the 
doubly magic SSSr core. We use harmonic-osci l la tor  
wave functions for the single-particle orbits, and a re- 
sidual two-body surface-delta interact ion with iso- 
scalar and isovector strengths Ao=0.6  MeV and 
A ~ = 0.35 MeV, as given in ref. [ 12 ]; in the small space 
this force successfully models  many features of  the 
dynamics.  

We would like to reproduce at least roughly the 
measured magnetic moment  of  the ~ + ground state. 
With  the ingredients just  outlined, free nucleon g- 
factors, and the aid of  the OXBASH shell-model code 
[13],  we obtain a magnetic m o m e n t / t = 6 . 3 6  Bohr 
magnetons - to be compared  with the single-particle 
moment  6.79 and the exper imental  moment  6.17. 
Addi t ional  quenching of  our result will come from 
states outside the small space; it is well known [ 14 ] 
that the excitat ion of  a single particle from the core 
can significantly affect/z even if  barely present in the 
wave function. We therefore add to our basis all states 

~L A recent discussion of the effects of nuclear deformation on 
magnetic moments  in this region of the periodic table appears 
in ref. [11]. 
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in which one proton or neutron is excited from the 
small space (or from the full neutron 0g9/2 level) to 
any level in the sdg shell. The resulting space has about 
2700 states, some 1100 of  which - those with three 
protons in 0g9/2 and one neutron excited to 0g7/2 - 
we are forced by complexity to treat in perturbation 
theory. (For the same reason, we omit about 650 
states in which a neutron is promoted from 0g9/2 to 
Ida/2; the size of  the effects from configurations we 
do include leads us to believe that the resulting error 
is small. ) In this "large space", the magnetic moment  
is 5.88, a value that is too small but not unrealistic 
considering that meson-exchange currents can renor- 
realize orbital proton g-factors upward by about 10% 
[ 14 ], affecting the magnetic moment  without alter- 
ing the nuclear spins. Furthermore, though single- 
particle occupation numbers change somewhat when 
we omit selected levels (e.g., the 2sL/2), spin-depen- 
dent quantities like the magnetic moment  change 
much less. The large-space wave functions is there- 
fore our best estimate, and we use it in the discussion 
of neutralino scattering to follow. 

As mentioned above, the cross section at q=  0 for 
a given type of  neutralino depends only on the total 
proton and neutron spins Sp and 5",. Our full calcu- 
lation yields Sp= 0.46, S, =0.08.  The corresponding 
small-space results, 0.48 and 0.04, provide an indi- 
cation of  the amount  o f  nuclear-physics uncertainty 
in these numbers. Both results are surprisingly close 
to the naive single-particle predictions Sp = 0.5, 5', = 0, 
The nominally more sophisticated odd-group model, 
which assumes only that the neutrons carry no angu- 
lar momentum and uses the experimental magnetic 
moment  as input, yields [4] Sp=0.36,  Sn=0!  Some- 
thing has gone wrong here in the odd-group model, 
even though the neutron spin Sn is indeed fairly small. 
The problem is related to the fact that 93Nb is an odd- 
proton nucleus with a large ground-state angular mo- 

9 mentum ( ~_ ). Both Sp and the proton orbital angular 
momentum Lp contribute to the magnetic moment,  
and in this instance both are quenched. In the small 
space alone, in fact, one can easily show that they must 
both be quenched by the same multiplicative factor. 
Since Lp is SO large, a reduction by a few percent from 
L p = 4  is enough to reproduce the experimental mag- 
netic moment,  which really is not so different from 
the single-particle moment.  In the odd-group model, 
however, any quenching of  Sp from ½ must be corn- 

pensated for by an increase in Lp, since J is fixed at 
9 and the neutrons are assumed to carry no angular 
momentum.  Sp must therefore be reduced substan- 
tially - too much in fact - in order to obtain the ex- 
perimental magnetic moment.  The valence shell 
structure of  93Nb makes it a sort o f "wors t  case" for 
the odd-group model. In mirror nuclei with A < 50, 
where beta-decay data allow an accurate determina- 
tion of  Sp and S,, the odd-group model is almost uni- 
versally better than the single-particle model, and its 
failure in niobium is probably best viewed as an iso- 
lated event. 

The expressions for the spin-dependent neutral- 
ino-nucleus cross sections at general q, to which we 
now turn, appear in some detail in ref. [9].  The dif- 
ferential cross section can be expressed in the form 

do- 8GF 
dq 2 -  (2J+l)vzS(q),  (3) 

where S(q)  is a structure function defined in ref. [9] 
that reflects the spatial distribution of  spin in the nu- 
clear ground state. Fig. 2 shows S(q) for a higgsino 
on 93Nb. The different curves represent the single- 
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Fig. 2. The quantity S(q) from eq. (3) versus q2, for a higgsino 
on 93Nb. The dashed line is the prediction of the single-particle 
model, the dotted line is the small-space prediction, and the solid 
line is the full result. The normalization has been adjusted so that 
the single-particle S(0)  = 1. 

121 



Volume 275, number 1,2 PHYSICS LETTERS B 23 January 1992 

particle, small-space, and full results. To facilitate 
comparison with earlier work, the normalization has 
been adjusted so that the single-particle structure 
function is 1 at q=0 .  The small-space curve ap- 
proaches the full result at large q because, as was the 
case [9] in ~3~Xe, the additional components in the 
wave function are small and contribute significantly 
only at low q. We should note that, in contrast to the 
31Xe case, a simple rescaling of  the single-particle re- 

sult (by an amount  that unfortunately is not well es- 
timated by the odd-group model) is a good approxi- 
mation to the full form factor. 

The cross section for the most general neutralino 
can be constructed from the "partial structure func- 
tions" shown in fig. 3. One can always write the full 
structure function in the form [ 9 ] 

S(q)=aoSoo(q)+a~ S,~(q)+aoa~ Soj(q) , (4) 

where ao=ap+an and a~ =ap-an (we use isospin- 
scheme coefficients because virtual pions affect the 
isovector scattering so that S~ falls off faster than 
5"0o ). Interestingly, for an isoscalar neutralino (a ~ = 0 ) 
the cross section is actually a few percent larger 
everywhere than the single-particle prediction, since 
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Fig. 3. The partial structure functions Soo (q) ( dotted line ), S~, (q) 
(solid line), and So~(q) (dashed line) versus q 2 in 93Nb. When 
ao = -a~ the cross section is small because the neutrons are mostly 
in angular-momentum zero pairs. 

the magnitude of  the neutron spin is slightly greater 
than the amount  by which the proton spin is 
quenched. An isovector neutralino behaves more 
or less like the higgsino in fig. 2, which has#2 
ao/al,,~O. 12. 

Many of  the above conclusions are peculiar to 93Nb; 
the variety of  structural features in the periodic table 
makes it difficult to generalize about the form fac- 
tors. The following few remarks, though, should ap- 
ply essentially everywhere: Only nucleons near the 
Fermi surface contribute significantly to spin-depen- 
dent scattering. Because their orbits extend further 
out than those in the core (this feature was not cap- 
tured by the infinite square-well model o f  ref. [ 6 ] ), 
the form factor near q=0 ,  which reflects the mean 
square radius of  the contributing nucleons, will al- 
ways fall offfaster for spin-dependent scattering than 
for spin-independent scattering. By the same token 
though, the Fermi-surface nucleons have higher mo- 
mentum on the average, and the spin-dependent form 
factors will therefore be larger at high q than their 
spin-independent counterparts. 

We can demonstrate these points explicitly in a 
simple one-dimensional model in which an odd 
number A of  nucleons move independently in a har- 
monic oscillator potential with length parameter b -  
1/x/mog, and couple their spins pairwise to zero. In 
one dimension the momentum transfer q takes the 
value 2Mrv where Mr is the neutralino-nucleus re- 
duced mass. Neglecting pionic currents [ 9 ], the spin- 
dependent cross section - normalized for conve- 
nience to 1 at q = 0  - is just the square of  the form 
factor for the last nucleon 

G,,(q)=<nl exp(iqx) ln) 

-~(bq) ]L,,(½(bq)2), = e x p [  1 2 o (5) 

where n =A - 1 (so that [ n )  is the Ath oscillator level) 
and L~ is a Laguerre polynomial. The spin-indepen- 
dent form factor is obtained by summing over all oc- 
cupied orbitals: 

~2 This result assumes EMC values for the spin content of the 
proton and neglects squark exchange, which is important only 
if the higgsino is purely symmetric or antisymmetric [ 15 ]. 
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1 ~ G,,,(q) 
F, , (q )  - n +  1 ,,=o 

1 -- - -  l (bq)2]L~,  ( ½ ( b q )  2) (6 )  
- n + l e x p [ - z  

Wi th  these results we have  

IG, , (q)  l 2 
LF.(q) 12- 1 l ( 2 n +  1 ) ( b q ) 2 + O ( q  4 ) (7 )  

for small  q, and 

I G , { q )  12 ) 2 = A  2 --,(n+ 1 (8) 
IFn(q)  12 

for  q-~ov,  both  as expected .  Eq. (8 )  can be under -  

s tood  as a loss o f  cohe rence  in the s p i n - i n d e p e n d e n t  

fo rm factor. At very high q, Fn (like Gn) depends  only 

on the m o t i o n  o f  the last nuc leon  and,  because  o f  the  

n o r m a l i z a t i o n  at q =  0, is d o w n  by 1/A f rom G,. 

In three  d i m e n s i o n s  the two effects i l lus t ra ted by 

eq. (7 )  and eq. ( 8 ) c o m p e t e  in d e t e r m i n i n g  the total  

cross sect ion and  average  recoil;  these quan t i t i e s  and 

more  subtle features  o f  the fo rm factors  can only be 

ob t a ined  by address ing  each nucleus  indiv idual ly .  
93Nb is re la t ively  t ractable .  M a n y  o the r  heavy  nuclei  

are  m o r e  c o m p l i c a t e d  in s t ructure  and  still awai t  an 

adequa te  t rea tment .  

Th is  work  was suppor ted  in par t  by N S F  grant  
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